Abstract. In this paper we reduce the Poincaré Problem for foliations in P 2 to a problem of postulation of plane curves of degree m − 1, with m denoting the degree of the foliation. An intermediate result gives a solution for Painlevé's Problem for foliations on a projective surface with ample canonical sheaf.
Introduction
Let S be a projective irreducible and non-singular surface defined over C. A foliation on S is given by a non-zero morphism F : Ω 1 S − → K F , where K F is an invertible sheaf on S. K F is called the canonical sheaf of F (see [4] for generalities about foliations).
A foliation in P 2 admits a rational first integral if there is a rational map:
such that the closures of the leaves of F coincide with the closures of the fibers of f . In this paper we study the problem of finding, for these kinds of foliations, an upper bound of the degree of the general irreducible invariant algebraic curve of F in terms of some invariant of F . This problem is known, for obvious historical reasons, as the Poincaré Problem (see [9] and [10] for the original Poincaré work and the introduction of [14] for a discussion of the far reaching consequences of the problem). Recently, this problem has received the attention of many mathematicians but there is a surprising lack of positive results. Most of the recent papers on the subject deal with either, solutions to versions of the problem which avoid the original formulation ( [5] or [16] ) or the impossibility of solving in general the original problem ( [8] ). Our goal in this paper is to recover the original statement and to give a positive answer under some conditions on the canonical sheaf K F .
Our approach consists into studying another closely related problem: given a foliation F on a surface S admitting a holomorphic first integral f : S − → Y find an upper bound for the genus of the generic fiber of f in terms of some invariant of F . This problem is called in [8] the Painlevé Problem. It is well known that a solution to the Painlevé Problem in P 2 automatically gives a solution to the Poincaré Problem, provided F is non-degenerated and of degree greater than 4.
In section 2 we solve the Painlevé Problem for foliations on arbitrary surfaces under the following assumptions:
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a) The first integral f : S − → Y is holomorphic, that is, the function f is not only rational but defined on all the points of S. In others words, F is given by a fibration of S.
b) F is a non-degenerated foliation (all its singular points are of multiplicity 1).
c) The linear system |K F | is ample. Under these conditions we prove the inequality
where n is a natural number such that |nK F | is very ample. The proof is based on the technique of stable reduction of a fibration and the Castelnuovo bound for a projective curve. The reader can consult [13] where a similar "passing to the limit argument" is employed in a somewhat different context.
Here a warning. Even when this result is, in fact, a theorem about fibered surfaces, it must interpreted as a proposition specifically related to the Poincaré Problem. For example, we can not assume that the fibration f is semi stable (in this case all the problem became almost trivial) because the problem studied here is exactly to bound the genus g without any extra hypothesis on the nature of the fibration. The only restrictions that we can impose are those related with the foliation F .
In section 3 we apply the previous result to the particular case of a rational surface S obtained by successive blowing-ups of P 2 . The reduction of singularities of a foliation ( [11] ) allows us to obtain the following solution of the Poincaré Problem: 
Even when this theorem is a direct consequence of Theorem 2.1 we feel adequate to state it in a separate section as a way to emphasize the kind of solution that we give to the classical Poincaré Problem. The author wants to thank J. Vitorio Pereira for useful comments.
The Painlevé Problem
We start this section by defining the kind of foliation that we are going to consider.
Definition 2.1. Let F be a foliation on a surface S. We say F is a normal foliation if the singular set of F , S(F ), consists of singularities of multiplicity 1 such that the determinant of its linear parts are negative real numbers.
Note that every foliation on a surface admitting a rational first integral can be "reduced" by a chain of blowing-ups to a normal one ( [11] ).
Moreover, if F is normal and admits a holomorphic first integral f : S − → Y (which is assumed, without loss of generality, to be a connected fibration), then every fiber of f is supported on a reduced divisor with only nodal singularities.
Theorem 2.2. Let F be a normal foliation on S admitting a holomorphic first integral
Assume that the linear system |K F | is ample and let n be a natural number such that |nK F | is very ample. Denote by g the genus of the general fiber C. Under these conditions
Proof. In order to simplify the notation we proceed first with the case of a very ample canonical sheaf K F , the general case will follows after some obvious modifications. In our hypothesis all the fibers of f have support on reduced curves with only nodal singularities. Moreover, as a consequence of Bertini's Theorem ( [3] , I.20) the general element of |K F | is irreducible and non-singular. Consider a reduction of f : S − → Y to a fibration without non-reduced fibers and withS non-singular:S
In this construction N is some common multiple of the multiplicities of the non reduced components of the fibers of f and π is a totally ramified cyclic covering. We assume that N is sufficiently large and π has N ramification values (see [3] , sections III.9 and III.10, for the details concerning this construction). The genus of X can be computed easily, for N sufficiently large, using Riemann-Hurwitz and the fact that π is totally ramified on N points:
Denote KF = α * K F . The linear system |KF | defines a morphism onto a surfacē T in such a way that the following diagram commutes:
Here α 0 is the projection of P(H 0 (S, KF )) * onto the subspace α −1 |K F |. We made use of the following fact, due to Serrano: KF := α * K F is the relative dualizing sheaf off . Thus KF = KS ⊗f * ω X −1 ([12] , Claim in the proof of Prop.
2.1), we shall call this result Serrano's Lemma. Then, KF .C = 2g − 2 whereC denotes a fiber off . Under these conditions it is easy to prove that |KF | contains an irreducible and nonsingular divisorB (B will be connected because defines a morphism onto a surface and by Bertini's Theorem the general element of the associated linear system will be nonsingular). It is easy to show that:
F , and
Let φ :B − → P r be the morphism induced by the linear system H 0 (S, KF ) |B, r = h 0 (S, KF ) − 1 . Under our assumptions on K F , φ is base point free. Assume deg φ = l.
Denote by B 0 the image ofB. If we apply the Riemann-Hurwitz formula to φ we obtain:
where g B 0 denotes the geometric genus of B 0 and∆ is the degree of ramification of the map defined from φ in the normalization of B 0 .
l . Now we can apply Castelnuovo's bound to B 0 ⊂ P r (the reader should note that this is a mild version of the Castelnuovo bound, the sharper version can be consulted in [1] , III.2):
In our case we obtain:
Using the commutative diagram 2.1 we see that∆ can be bounded in terms of ∆ α , where ∆ α stands for the ramification degree of the N : 1 covering
Explicitly∆ ≤ ∆ α , since φ |K F | | B can be assumed to be an immersion. Denote by n i C i a non reduced fiber of f , and by C i the pre image inS of this fiber. The ramification locus of α|B consists of:
. The points of ramifications off |B :B → X (i. e., the points where some fiberC does not intersectB transversally). The sum of the degree of ramification in these points can be computed by means of Riemann-Hurwitz formula for the coveringB − → X and relation 2.2. We get ramification of order 2N K 2 F in these points.
. The points supported onB ·C i ; in these points the ramification order is N/n i . All these points lie in the support of the fiber off on the ramification points of π corresponding to the k non-reduced fibers of f .
. The points supported onB ·C λ , whereC λ denotes the fibers off on the remainder N − k ramifications points of π. In these points the ramification order of α is N . Note, however, that the ramification order of φ in any point is less or equal than l. We obtain:
Moreover, using the adjunction formula and Serrano's Lemma it follows that:
The restricted map α :C i − → C i is of degree n i , if we apply Riemann-Hurwitz to this map we obtain:
Obviously, ∆ i is independent of N . Thus, asymptotically, the expression B · C i (
is of order N . It follows from 2.2 and 2.3 that:
We want to compare the leading coefficients of this inequality when N is large enough. If for all N >> 0, the corresponding l is equal to 1, then:
If for all N >> 0, 1 < l ≤ N/2 then:
Finally, if for all N >> 0 N = l then g B 0 = g and d = (K 2 F ), the result follows by applying directly Castelnuovo's bound.
This conclude the proof of the theorem in the case K F is very ample. In the case K F is ample we use the same argument replacing B by a general element of |nK F |. The proof is exactly the same, but the intersection numbers and genus formulas involved in the leading terms of the inequality preceeding the Lemma must be modified. For example:
Remark 2.4. Theorem 2.1 remains valid under the following slightly weaker conditions: for some positive n, |nK F | defines a birational morphim onto a normal surface T .
Remark 2.5. If K F is ample we can take
Indeed, we can assume K 2 F < (g − 1) and use the main result in [6] .
The Poincaré Problem
Let F : Ω
The number m is called the degree of F . Assume that F is non-degenerated (i.e., all its singular points are of multiplicity 1). Moreover, assume that F admits a rational first integral, which means that there exists a rational map (with irreducible general fiber):
such that the closures of the leaves of F coincide with the closures of the fibers of f . The map f determines a pencil of (possibly singular) plane curves λF + µG = 0, whose general member is reduced, irreducible and non-singular away from the base locus of f . The Poincaré Problem involves finding an upper bound of the degree of F in terms of some invariant of F . Recall that, in general, given a pair (S, F ) consisting of a foliation F on a surface S, we can construct a minimal pair (S ′ , F ′ ) such that: i) there exists a morphism β : S ′ − → S, which is the composition of a finite number of blowing-ups, ii) F ′ is a normal foliation on S ′ (see Definition 2.1), and F ′ is the pullback of F under β.
A pair (S ′ , F ′ ) as above is minimal if S ′ is a minimal element in the birational class of S for which a normal F ′ can be obtained like a pull back of F . We shall call (S ′ , F ′ ) the normalization of (S, F ). Let V ⊂ |K F | be the (non-complete) linear system such that β * V = K F ′ , we call V the canonical series of F . We shall say that V is ample or very ample if K F ′ is.
If F is non degenerated and admits a rational first integral then the singular points of F are of two different kinds. The saddles are points having exactly two local separatrices, the local vector field associated to F near one of these points has linear part with eigenvalues of rational negative ratio. The points in the other class are called nodes and have infinitely many local separatrices, the ratio of the eigenvalues of the attached local field is a rational positive number; if this ratio is 1 the point is called a dicritical node (see [9] or [15] for further details).
The normalization of (P 2 , S) is obtained by means of a chain of blowing-ups with center in the nodes of F . In the normalization process it is necessary to do only a blow-up centered in each dicritical node, by contrast are necessary at least two blows-ups centered in points infinitely near to each of the non dicritical nodes ( [11] ). 
with n, as before, the minimal number such that |nK F | is very ample.
The theorem is a direct consequence of Theorem 2.2 and some well-known facts of the basic theory of foliations in P 2 . We include a sketch of the proof for the sake of completeness.
Proof. If F does admit a rational first integral then so does F ′ . The general fiber of F ′ is isomorphic to the normalization of the general member of the pencil associated to f . Call the geometric genus of such a fiber g. Then, by Theorem 2.2
If F is a foliation of degree m in
, in order to obtain the normalization (S ′ , F ′ ) we need to blow up P 2 in each node of F at least once. It follows that
On the other hand a well known inequality proved by Poincaré ([9] or [15] ) states that if F is a non degenerated foliation in P 2 of degree m > 4 admitting a rational first integral then
where d denotes the degree of the pencil associated to the rational first integral. From these considerations the theorem follows.
Thus, the Poincaré Problem can be solved if we know that the canonical series is ample (Remark 2.5). In this sense the Poincaré Problem is reduced to a problem of postulations of plane curves. In the particular case in which all the nodes of F are dicritical we obtain, as a consequence of Remark 2.5 and the result in [14] , the following generic solution of the classical Poincaré Problem: Proof. In the notation of [14] consider H = O P 2 (1) and n = m − 1 and apply Theorem 3.1 in combination with Remark 2.5.
Remarks 3.3.
In view of Theorem 3.1 its follows that the examples presented in [8] can not have ample canonical sheaves. It could be interesting to find explicitly irreducible curves A such that K F .A < 0 in these examples.
